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I. INTRODUCTION

Previous work on the prohlem of diffraction by a nlane angular

sector (see Fiaqure 1) has heen with the exact eigenfunction solution

[1,7] hut results have heen presented for only the quarter nlane (i.e.,

k2 = 1/2). The eigenfunction solution, of course, requires a
large numher of terms fto ohtain a converged result and this, as well

e

as the complexity of the solution, restricts its usefullness. As
stated hy Satterwhite [?], "the solution is general and needs some
simplification hefore it can hecome a useful tool for diffraction
studies.”

e g e e s =

Figure 1.

The opurpose of this paner is to make a simplification in the
exact eigenfunction solution so that the solution may he more easily
used. Not only are the eigenvalues found for the quarter plane as
has been done previously, but the first few contributing eiaenvalues
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are found for almost any anqular sector. These results are presented
in araphical form for easy use.

The second purpose of this paper is to comhine the eigenfunction
solution with UTD wedge diffraction theory to ohtain the current on
the angular sector using only two or three eiqenfunctions. The use
of only a few eigenfunctions is possible hecause the eigenfunction
solution is used to find the current only in the region very close
{i.e., r=0.1)) to the vertex. The UTD js then used to determine the
current everywhere else, By contrast, Satterwhite [?] used fifty
eigenfunctions to calculate the current out to only one wavelength
from the vertex.

Results will be shown for current distributions on angular sectors
of various shapes (i.e., 0.1§k250.9\ and results will also he shown
for the far field when the angular sector is illuminated by a short
dipole. The angular sector will then be used along with superposition
and the UTD to find the current on four-sided thin plates,

[T. THE SPHERQ-CONAL COORDINATE SYSTEM

The sphero-conal coordinate system is one of the few coordinate
svstems in which the vector wave eguation is separable and it is in
this svstem that the plane anqular sector is a coordinate surface.

The sphero-conal system is described by three coordinate surfaces
which are a sphere, an elliptic cone and an elliptic half-cone as
illustrated in Figure 2. A plane angular sector is the e=n coordinate
surface of the sphero-conal system and its angle is determined by the
ellipticity parameter k2 of the system. The r,#,¢6 coordinates are
related with the cartesian x,y,z by the following equations:

X = rcoseJ1 - k'2c032¢




v = rsingsing rn
2
z = rcos¢"1-k cos76

where ©'7 = 1=k”, 0 <k’ <1, 0<6 <t and 0 < ¢ < ?n. The 6 and 4
anales are not the same as the angles of the spherical coordinate
system. A point on the angular sector (Figure 3) has coordinates

= - -1 ,cosa
FgsBesds where A, =« and ¢, = cos (—FT~). The element ds of the

surface on the angular sector is given by:

k' sin¢s i
ds = r dr, ————— dbg - (2 ,

SS
J]-k'2cosz¢S

The surface 8=r1 and =0 as well as the surface A=m and é=m result
in half planes. For a more detailed discussion of the sphero-conal
system see Satterwhite [?] and Kraus and Levine [2,4].

11T, EXACT SOLUTION FOR FIELDS AND THE ;
ANGULAR SECTOR CURRENT NDISTRIBUTION i 1

The F field due to the current density J is determined by the
dvadic Green's function which we must determine. The T field expression 14
is of the form

BIR) = jwh [ T(R,R).I® v . (3)
v &
R is a field point, R' is a source point and V is the source region.
In Satterwhite's paper [1] we can see that the Green's function is
. given by

. Qe =11 <l
- M. (R) M (R" N, (R) N_. (R")
T(R,R') = o n %2 )A 2 ) N al

(a)

g q? Aq]
for [R] > [R']
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and
o (T Y § sl sy &l
M*, (RY M, (R") N (RY N (R*)
FRR) = je s L = g2 + 4! - 9! (5)
g q? ql
for [R] < [R']
where: « is the wave number

g is the symbolic index which means.the class of
the odd or even solution of the problem

Aq is the normalization constant.

The vector wave functions are

E<
1

. lxr) 2
e va2 [/1-k"cos’ @ 0,19 8,816 -
szsin29+k'7sin7¢
- N1k ?cos?s 6 _(8) o' (6)A] (A)
q? q? ' ’

_ . Zv I {xr)
(rz. . (kr)]’ —_—
4 Vgl [/1-k'2c052¢ CIMEYEINTY b +
j 2 . 2....2..2 9 g
r/k“sin“8+k'“sin"¢

2 . 7 . ~
+ J1-k%cos"n 9q1!o) ¢q1(¢>a] L (7

The Zv(mr) function is the spherical Bessel Function where the suner-

script Il means that

_ AN
7V(Kr\ = hv

fcr) 83

g




and the superscript 1 means that

ZV(KY‘) = jV(Kr‘) . (9)

The &(0) and ®(4) functions are Lame functions defined by the scalar
wave equations

Jﬁ-kzcoszﬂ %ﬁ-(J1~k2cos?e %g\ +[v(vPsinfarylo = 0 (10)

and

——
‘f"]'k'zcos?‘b S$ (jl-k'?cos?® %%‘ + Lo Zsin®s-ud = 0. (1)

The two Equations (10) and (11) are coupled through the eiaenvalues
v and u, The H field is given hy the curl of the T field as follows:

ARY = L yxE(R) = -y «x [ T(R,AN.JR Vdv (12)
Wl

and the current of the angular sector is

TR = axMir, p=m,0<p<n) - Hr,6dm, n<dn) ] . (13)
IV.  EIGENVALUES AND THE A(#) AND &(4) FUNCTIONS

From the above expressions we can see that we always need the
first even and odd A(A) and ®(d) functions and the eigenvalues associ-
ated with them. By using the infinite continued fraction method as
in [7,9], the first three pairs of the main contributing eigenvalues
u and v were found, These are plotted in Fiqure ? where the ordinate

is k’ and the ahscissa is either (v or u) for O<v<1.5.

The general expressions for the 0(P)} and ®{¢) functions are

- 1 -
0,8 = T A cos(om - ) (m=...,~2,-1,0,1,2,...) (14)
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- . ] - )
Q8 = n A, sin(2m - %) A (m=...,~7,-1,0,1,2,...) (153
@e(¢) = "B cos ma (m=0,1,2,3,...) (16)
-~ 3 - \
¢0(m) = 5B sin me (m=1,2,3,...) . (17

Knowing the eiqenvalues p and v, the coefficients Am and Rm mav he
found for 0.1ik?50.0 hy the continued fraction method used in [ 1,7
for the quarter plane (k?=1/?) case, The procedure is tedious and
lahnrious. The results are presented in Fiqures 4-9, The coefficients

Am and Rm mav he determined from the fiaures with sufficient accuracy

to use in Fauations (1?) and f13). Thus, with the aid of the fiaures,
the current in a reoion close to the vertex mav rather easily he
determined for almost any angular sector as we shall see in the followina
sections.

V. E FAR ZONE FIELD APPROXIMATION FOR UNIT
DIPOLE SOURCE LOCATED CLOSE TO THE TIP

An investigation of the eigenvalues v and u Shows some inter-

esting results. First we note that for any k2

\V] < v < v

lel 102 2el

These three eiqenvalues Vie1* Vo2 and v have values which varv

2el
from 0 to 1.5. If we examine Equations (A) and (7), we see that the
[r7,(xr) ]

functions 7 _(kr) and for kr<<l correspondina to the wave

I «r
functions M and N' become

Fler)V
T{v+1.5)

(12)

7,0erY = G (er) = or

-
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For small values of v the expressions (18) and (19) are relatively
larger than they are for hiq values of yv. This means that in the
dvadic Green's function the first few terms, say three, have relatively
hig values compared to the others. So, when we want to get an aporoxi-
mate expression for the far zone electric field in the case of a urit
dinole source located clnse to the vertex, we can use only the first

few eigenvalues in the expression of the dvadic freen's function and
obtain accurate results. In Figure 10 we see two locations of the unit

dipole source. In Figures 11 to 15 we see the far zone electric field
with 0.1sk250.9, corresponding to Fig. 10a. In Figures 16 to 20 we see
the far zone electric field for the second location of the unit source
dipole. The computations in Figures 16 to 20 are for angular sectors
with 0.15k%<0.5.

Figure 1Q.
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Figure 12. The & far zone field in the x=o0 plane due to a
unit source dipole c1gse to the tip of plane
angular sectors for k¢=0,1 to 0,9 (source on
x axis and parallel to y).
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Figure 13. The E¢ far zone field in the x=o0 plane due to
a unit source dipole close to the tip of
plane angular sectors for k2=0,1 to 0,9
(source on x axis and parallel to y).
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VI.  CURRENT DISTRIBUTION ON THE ANGULAR SECTOR

From Equation (13} it can he shown that the current distrihution

is:
- 1 =l =\ =
Jmy = - HKYO X ~—:-_rM07 /Qo).J’Qo\dV.AO? {1
2 0/
3 {er) [Fj (KP)]' 5
Vo? - Vo? 1ok 2cos 4 . -
[_VO?(vo7+]) Kr 45(‘»7’((1)"ib ¥ Kr K'siny ¢n?(A)P]+
J {xr)
+ NII(W Y IR Vdv.a'l, (m) _lkﬂ__,__ o (a7 {20)
Ao el "o’ 0" Yt el sind el ™ '
forr<r
-0
and
_ 1 r oyl -
JR) = - Y, z ‘{KEE J MO?(EO.U(FO)dv OO?(n\
') fer) R ey,
02 N 0? 1-k’"cos 4 | A
[-905(vgo* 1) —— 7 04o(616 + v TrsTng  Pop/ A 2
h(?)(KP\
f 1w R IM e, ) —E g (e)F (2N
ol el 0 " "o Vel sind el J i
for r > ro

The expressions indicate that the current in the r direction has the
form 1/sindé. This means that the currert on the edoes goes to infinijty.
But we know the current distribution due to geometrical optics and

the edge diffracted field does not give infinite current on the edaes
when the incident electric field is normal to the edge. So, we conclude
that the 1/sind must arise because of the tip diffracted field.

21
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Near the tip the current distribution is largely determined
hy the spherical Ressel function Jvfxr\ when the source is within

a distance r_ > r. For gr<<] the expression of the current will depend

0
on the jv(xr) which have small values of v. As mentioned earlier,

the small eigenvalues are the first two or three, These give the
dominant current near the tip. With the help of Equation f13) for
the even eigenfunctions the current distribution is

()

= Vel _el
-Je-’ = B(K\") e —'_—?m r (?7)

and for the odd eigenvalues it is

-

_ Voo~ A 1 J]-k'zcoszg , A
362 = A(kr) - 0,5(0) + Yo7 ST oo ()7 (23)
where
gy () 1z
B = - 2kY IONEROJR b (22)
“e]+] \
? r(ve1+1.sme1
and
™ Lv 1} 0 J(n)
A= - 2kY, 02 02 2 f Mé;(ﬁ'\.ﬁ(ﬁ')m (25)

\V] +l
0? v
2 T (\)02+ ].5) A02

Y0 is the free space admittance. From the expressions of the current
near the tip we can see in general that the current depends on three
different functions.

In Figures 16, 17 and 18 we can see the form of those functions

2=0.3. Far from the tip (kr>1) the tip

diffracted current must be given by:

for an angular sector with k

Jrp®) =

omdkry o;(4)
r sing

F o+ ¢?(¢>$J 126

22
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where the functions &(¢) are:
8, /8) = AO+ATcoso+A?cos’*+... e
og(o) = 80+81sin0+823in2®*... {22°

T 2 unkn ffici
> ynknown coefficients Ai and Bi can be found by using the EFC

to generate two systems of linear equations using point-matchinc.

Tre
EFIE is
~ inc ,ay L 1 -
n x F (Y') = m n x :c <~w?u€jSG*Vé jSV' G)dS 120}
. S
where G is the free space Green's function and J_ in this probler
is given by i
i
e Ny
3 =X
s 0. jgdoes * Jnp N J

or in words for -rz1, the current is the sum of the geometrical
optics current, the diffracted current from the edges and the tip
Jiffracted current respectively.

VII. ANGULAR SECTOR FAR FIELD RESULTS

By using the EFIE with just three sample points, we found the
three unknowns in the tip diffracted current expressions in Equations
(27) and (28). The integration of EFIE was terminated 20 wave-
lengths from the sample point since the integrated functions go
guickly to zero with distance. The sample points are typically
located about 10A from the tip. In Figures 19, 20, and 21 we can see
the total field for an infinitesimal dipole located near the anguiar
sector and normal to it. The distance of the dipole from the tip

is Kkry = 2.0 with 00 =r and 99 = /2.




YITT. FINITE THIN PLATES

A finite thin plate has bo'n edges and vertices. We can use
the angular sector solution in section VI to obtain the currents in
the regions close to the vertices and the UTD to obtain the currents
elsewhere. If the vertices are far apart by more than a wavelength
or so, we can neglect the interaction between the vertices and use
the expressions in Sections VI and VII plus superposition to obtain
the total cortribution from the vertices. That is, we use the EFIE
as in the previous section, except that the numher of sample or match
points will be n times the number of unknowns used in the angular
sector case.

Results for a ?A hy A sguare pla*e 1~e shown in Fiqure 77,
N o to the nature of our solution we see 3 1irge "spike" of current

at the four corners in Fiaure 2%?a, The current in Finure 273 may

he comnared with that presentsd hy Ko an *ittra [R], and it will

he spen that the results are sianificantly different at the four corners ‘

since their results show no singularity of the current at the corners ‘ 4

for this size plate. We believe, that because the interaction between

corners is small (or negligible) for large plates, it is inevitable .
4 that a strong singularity be observed in current there. This con- ;
X clusion is the opposite of that in [5]. It may be that the solution in
[5] is not converged for large plates.

Figure 23 shows the current on a 3X by 3x plate that is not square,
but in the shape of a rhombic with two corners characterized by
k2=0.3 and the other two by k2=0.7. In both Figs. 22 and 23 the edge

condition of the current is not shown for purposes of clarity nor is it
* used in the far field computation in the next paragraph.

Finally, Figure 24 shows the far field pattern of a short monopole
or stuy radiator at the center of a 8) square ground plane. The result
is compared with an unpublished result by Marhefka who obtained his re-
sult using the UTD with vertex diffraction. The two results are seen to
be in very close agreement.
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Figure 19.

Total electronic field for five different
angular sectors.
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Figure 20.

Total electric field for five different
angular sectors.
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i Figure 21. Total electric field for five different
' angular sectors.
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Figure 22a. Current distribution on a 3) square plate.
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Cross-polarized current on a 3x square plate.

Figure 22b.




IX. SUMMARY

In this paper we have presented in easy to use graphical form
the first few contributing eigenvalues for any angular sector having
a wide range of included angle. We have shown that it is only these
first few eigenvalues that contribute to the current in a region very
close to the tip 1tself. Beyond this region the GTD may be used to
obtain the current thereby overcoming the need to use large numbers
of eigenvalues and eigenfunctions.

We then applied the combined eigenfunction-GTD technique to
find the currents and resulting radiation fields. To demonstrate
the validity of the solution, the radiation pattern of a monopole
at the center of a square plate is compared with that calculated with
an unpublished GTD solution which includes vertex diffraction. The
two independent results are in very close agreement.
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Figure 23a. Current distribution on a 3x rhombic shaped plate.
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Figure 23b. Cross-polarized current on a 3x rhombic shaped plate.
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[ APPENDIX

The following tables give the lower order eigenvalues for angular
vectors with 0.1 < k2 < 0.9 and for 0.0 < v < 1.0 and 0.5 < v' < 1,5,

RIS = -4




—— v - =

K =0.9 K2=01 |
l
v W W o
0.50 ~0.20000 0.93071 }
0.55 -0.24688 0.92820 E
0.60 ~0.29764 0.92557
0.65 ~0.35239 0.92281
0.70 ~0.41125 0.91993
0.75 ~0.47434 0.91692
0.80 -0.54172 0.91379
0.85 -0.61345 0.91053
0.90 -0.68959 0.90715
0.95 -0.77017 0.90364 ‘
1.00 -0.85522 0.90000
1.05 -0.94477 0.89623
1.10 -1.03884 0.89234
1.15 -1.13741 0.88832
1.20 -1.24049 0.88418
1.25 -1.34810 0.87991 |
1.30 -1.46022 0.87550 E
1.35 -1.57687 0.87096 |
1.40 -1.69803 0.86630
1.45 -1.82371 0.86150
1.50 -1.95396 0.85658
L . ]
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-

| k2=0.8 k? =0.2

E V W w

" 0.50 -0.15000 0.86020
0.55 -0.19151 0.85530
0.60 -0.23614 0.85016 |
0.65 -0.28399 0.84477
0.70 -0.33519 0.83913
0.75 -0.38983 0.83324 |
0.80 ~0.44801 0.82710
0.85 -0.50984 0.82071
0.90 -0.57536 0.81406 '
0.95 -0.64466 0.80716 E
1.00 ~0.71778 0.80000 |
1.05 -0.79478 0.79258 %
1.10 -0.87569 0.78490 |
1.15 -0.96055 0.77696 ‘
1.20 -1.04938 0.76876 |
1.25 -1.14219 0.76029 |
1.30 -1.23901 0.75156 |
1.35 -1.33987 0.74255 %
1.40 -1.44472 0.73328
1.45 -1.55359 0.72373 |
1.50 -1.66656 0.71391




- o — - - - -

k:=0.7 k2 =0.3 % j
v W u | E i
0.50 -0.10000 0.78823 i g
0.55 -0.13622 0.78109 '
0.60 -0.17496 0.77358 | %J
0.65 ~0.21630 0.76571 % ?
0.70 -0.26033 0.75746 ; ;}
0.75 -0.30715 0.74884 | '
0.80 ~0.35683 0.73984 E gi
0.85 -0.40945 0.73046 | E
0.90 -0.46510 0.72069 % f
0.95 -0.52385 0.71054 ) |
1.00 -0.58575 0.70000 |
1.05 -0.65088 0.68906 ; |
1.10 -0.71930 0.67773 l
1.15 -0.79102 0.66599 2
1.20 ~0.86610 0.65385 i
1.25 -0.94458 0.64129 !
1.30 -1.02649 0.62832 !
1.35 -1.11184 0.61492 ]
1.40 -1.20066 0.60110 |
1.45 -1.29297 0.58685 f
1.50 -1.38880 0.57217 |
S S |

44




- - e - —— — — ——

i % k? =0.6 ! kK =0.4
! v ( W v
! 0.50 } -0.05000 0.71445
; 0.55 ; -0.08098 | 0.70524
. 0.60 i -0.11397 i 0.69555
i 0.65 i -0.14904 | 0.68537
' 0.70 | -0.18625 | 0.67469
| 0.75 | -0.22566 ! 0.66352
' 0.80 i -0.26735 } 0.65185
' 0.85 [ -0.31137 E 0.63967
0.90 ! ~0.35781 | 0.62697
0.95 1 -0.40670 | 0.61375
1.00 i -0.45811 | 0.60000 |
1.05 -0.51210 0.58571 ;
1.190 -0.56873 f 0.57088 f
i 1.15 -0.62803 0.55550 5
. 1.20 -0.69007 0.53956
1.25 -0.75488 0.52305 :
| 1.30 -0.82252 0.50595 |
1.3s -0.89299 0.48828 l
| 1.40 -0.96634 3 0.47000 |
I 1.45 -0.04258 | 0.45112 ‘
1.50 { -0.12176 } 0.43162 5
1 L

et aafie gh

— e e -




e
-Eigenvalues v, .
|
' k’=0.5 k? =0.5 ;
! v W W :
| 0.50 0.00000 0.63835 f
f 0.55 -0.02577 £.62730
} 0.60 -0.05312 0.61564
| 0.65 -0.08209 0.60339 |
| 0.70 -0.11273 0.59053 i
0.75 -0.14507 0.57705 !
0.80 -0.17916 0.56294 E
0.85 -0.21507 0.54819 |
0.90 -0.25282 0.53279 |
0.95 -0.29246 0.51673 E
1.00 -0.33405 0.50000 |
1.05 -0.37761 0.48258 |
1.10 ~0.42321 0.46447
1.15 -0.47091 0.44564 §
1.20 ~0.52070 0.42609 |
1.25 ~0.57265 0.40580 |
1.30 ~0.62679 0.38475
| 1.35 ~0.68317 0.36293 :
" 1.40 -0.74180 0.34032 §
| 1.45 -0.80274 0.31690 f
L 1.50 -0.86600 0.29265 |

L




. ! k?=0.4 k? =0.6
Y ‘i | o
" 0.50 E 0.05000 | 0.55915 |
0.55 i 0.02941 ; 0.54654
0.60 | 0.00763 | 0.53323
. 0.65 g -0.01537 0.51922 |
L 0.70 i -0.03963 0.50448 !
0.75 i ~0.06515 0.48900 ;
0.80 -0.09198 0.47277 |
0.85 ~0.12015 0.45577
0.90 -0.14968 0.43799 |
. 0.95 ~0.18061 0.41941 [
1.00 ~0.21296 0.40000 ;
1.05 ~0.24678 0.37975
1.10 ~0.28208 0.35865 g
1.15 ~0.31890 0.33665
1.20 ~0.35727 | 0.31375
1.25 | ~0.39723 0.28992
- 1.30 % ~0.43879 | 0.26514
1.35 f ~0.48200 : 0.23937
1.40 } -0.52687 0.21258
é 1.45 ! -0.57345 0.18476 |
1.50 -0.62177 0.15586 |
L |
47




! k?=0.3 l k2 =0.7
. R
(ﬁo.so 0.10000 } 0.47549
E 0.55 ! 0.08458 E 0.46174
i 0.60 | 0.06831 ; 0.44720 i
0.65 0.05116 | 0.43186
0.70 0.03314 | 0.41569 |
0.75 } 0.01423 ! 0.39867
0.80 -0.00560 i 0.38078
0.85 | -0.02636 | 0.36199
0.90 ~-0.04806 0.34228
0.95 ~0.07073 0.32163 |
1.00 ~0.09437 0.30000 |
1.05 ~0.11902 0.27736 i
| 1.10 -0.14468 0.25369 ; |
1.15 -0.17137 0.22894 | ¥
| 1.20 ~0.19912 0.20308 }
| ;
|
|
!
|
t
!
|
[
|




oo

—— e D e S LD

| E k2 =0.2 K? =0.8 !
| | , , K
| v ; i u | ‘
©0.50 | 0.15000 0.38463 4
. 0.55 ? 0.13973 0.37040
. 0.60 2 0.12892 0.35532
i 0.65 % 0.11756 | 0.33934

0.70 | 0.10564 | 0.32245
075 % ' 0.09317 % 0.30462
? 0.80 | 0.08012 } 0.28581

0.85 0.06650 ? 0.26598

0.90 0.05229 } 0.24509

0.95 . 0.03750 ; 0.22312

1.00 | 0.02211 } 0.20000

1.05 0.00611 ? 0.17570 |

1.10 =0.01050 g 0.15017 | :
i 1.15 | ~0.02773 ? 0.12334 :
| 1.20 : ~0.04559 0.09517
% 1.25 ~0.06409 0.06560 | |
L 1.30 ~0.08324 0.03456 |

1.35 ~0.10304 0.00198 f
| 1.40 | -0.12352 ~0.03221
. 1.45 i ~0.14468 -0.06809

1.50 i -0.16651 -0.10573

{




k*=0.1 k? =0.9 %
V! w Woe,
0.50 0.20000 0.27916 j
? 0.55 0.19487 0.26576 i |
" 0.60 0.18948 | 0.25147 | |
| 0.65 0.18383 | 0.23627 !
0.70 0.17792 0.22011 § :
0.75 0.17174 0.20293 |
0.80 0.16529 0.18469 |
| 0.85 0.15858 | 0.16535 |
. 0.90 0.15160 0.14483 '
0.95 0.14434 0.12307 | 1
1.00 0.13682 ! 0.10000 |
1.05 0.12901 0.075551 i
1.10 0.12093 0.04964 |
1.15 0.11258 0.02218
1.20 0.10394 -0.00693 |
1.25 0.09501 -0.03778 i
1.30 0.08580 ~0.07049
1.35 0.07631 -0.10517 |
1.40 0.06652 -0.14194
1.45 0.05644 ~0.18094
1.50 0.04606 ~0.22230




k2 =0.9 ¥ =0.1 ‘ K? =0.1
v u U { u

0.00 0.09283 0.00000 | ~0.9490)
0.05 0.07531 0.00259 | -0.94511
0.10 0.05568 0.00543 | ~0.94083
0.15 0.03365 0.00852 | -0.93619
0.20 0.00917 0.01186 | ~0.93117
0.25 ~0.01799 0.01545 % ~0.92577
0.30 -0.04798 0.01929 | ~0.92001
0.35 ~0.08100 0.02339 f ~0.91387
0.40 -0.11723 0.02773 ~0.90736
0.45 ~0.15683 0.03234 ~0.90047
0.50 -0.20000 0.03719 -0.8932]
0.55 ~0.24689 0.04230 -0.88553
0.60 -0.29764 0.04757 ~0.87757
0.65 ~0.35239 0.05330 ~0.86919
0.70 ~0.41125 0.05918 ~0.86043
0.75 ~0.47435 0.06533 ~0.85130
0.80 ~0.54172 0.07173 ~0.84179
0.85 -0.61345 0.07840 -0.83191
0.90 ~0.68959 0.08534 -0.82165
0.95 ~0.77017 0.09253 -0.81101
1.00 -0.85523 0.10000 -0.80000
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————
_Eigenvalues v,u_
k?2=0.8 k? =0.2 k? =0.2 ’
v N . N
0.00 0.12105 0.00000 -0.89582 |
0.05 0.10400 0.00511 -0.68809
0.10 0.08502 0.01071 -0.87962
0.15 0.06393 0.01681 -0.87042 |
0.20 0.04074 0.02341 ~0.86047
0.25 0.01527 0.03052 -0.84979
0.30 ~0.01256 0.03812 -0.83836 |
0.35 ~0.04289 0.04624 ~0.82619 |
0.40 -0.07581 0.05488 -0.81328 j
0.45 -0.11147 0.06402 -0.79963
0.50 -0.15000 0.07369 -0.78522 i
0.55 ~0.19151 0.08389 ~0.77008 |
0.60 ~0.23614 0.09461 ~0.75419 i
0.65 -0.28399 0.10586 -0.73754 %
0.70 -0.33519 0.11766 -0.72015 i
0.75 -0.38983 0.12999 ~0.70201 i
0.80 -0.44801 0.14288 -0.68312 |
0.85 -0.50984 0.15631 ~0.66347 i
0.90 ~0.57536 0.17031 -0.64307 i
0.95 -0.64466 0.18487 ~0.62191 |
1.00 -0.71778 0.20000 -0.60000 |




k?=0.7 x?=0.3 k? =0.3
v U U 1#
0.00 0.14320 0.00000 -0.83999 |
0.05 0.12747 0.00753 -0.82853
0.10 0.10999 0.01581 -0.81598 :
0.15 0.09073 0.02482 -0.80232 |
0.20 0.06963 0.03459 -0.78757
0.25 0.04661 ! 0.04511 0.77171 .
0.30 0.02160 0.05640 -0.75475 E
0.35 ~0.00549 0.06847 ~0.73668
0.40 ~0.03472 0.08131 -0.71751 %
0.45 ~0.06620 0.09494 -0.69722
0.50 ~0.10000 0.10937 ~0.67582 :
0.55 -0.13623 0.12461 -0.65331
0.60 ~0.17496 0.14067 -0.62968
0.65 -0.21630 0.15756 -0.60492 |
0.70 -0.26033 0.17529 ~0.57904 |
0.75 -0.30715 0.19387 ~0.55204 |
0.80 ~0.35683 0.21331 ~0.52390 -
0.85 -0.40945 0.23364 “0.49464 |
0.90 ~0.46510 | 0.25485 -0.46423
0.95 ~0.52385 0.27697 -0.43269
1.00 -0.58576 0.30000 ~0.40000 |
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k?=0.6 k? =0.4 k? =0.4
Vv |25 | u

0.00 0.16230 0.00000 -0.78093
0.05 0.14827 0.00985 -0.76586
0.10 0.13277 0.02067 -0.74934
0.15 0.11573 0.03249 ~0.73137
0.20 0.09714 0.04531 -0.71195
0.25 0.07694 0.05915 -0.69107
0.30 0.05509 0.07401 -0.66874
0.35 0.03152 0.08991 -0.64494
0.40 0.00619 0.10687 -0.61966
0.45 -0.02096 0.12491 -0.59292
0.50 -0.05000 0.14404 -0.56470
0.55 -0.08098 0.16429 -0.53499
0.60 -0.11397 0.18566 -0.50380
0.65 -0.14904 0.20819 -0.47111
0.70 -0.18625 0.23188 -0.43693
0.75 -0.22567 0.25678 -0.40124
0.80 -0.26735 0.28289 -0.36404
0.85 -0.31137 0.31024 -0.32532
0.90 -0.35781 0.33886 -0.28508
0.95 -0.40670 0.36877 -0.24331
1.00 -0.45811 0.40000 -0.20000




i k?=0.5 | k? =0.5 k? =0.5

;__ v n ' U i !

" 0.00 0.17943 , 0.00000 -0.71777

i 0.05 0.16740 E 0.01202 ~0.69924

| 0.10 0.15413 | 0.02526 -0.67893
0.15 0.13959 | 0.03973 -0.65682 i
0.20 0.12377 0.05546 -0.63292 E

é 0.25 0.10664 0.07245 -0.60722 é
0.30 0.08815 0.09075 ~0.57971 i
0.35 0.06828 0.11037 ~0.55038 E
0.40 0.04699 i 0.13133 -0.51923 i
0.45 0.02424 | 0.15368 ~0.48625 |
0.50 0.00000 0.17743 -0.45142 ;
0.55 ~0.02577 0.20263 -0.41476 |
0.60 -0.05312 0.22930 -0.37623 i
0.65 -0.08209 0.25747 ~0.33584 |
0.70 -0.11273 0.28718 -0.29357 |
0.75 -0.14507 0.31848 ~0.24941 E

| 0.80 ~0.17916 0.35139 -0.20336 E
0.85 -0.21507 0.38596 015541 |

. 0.90 -0.25282 0.42222 -0.10554

" 0.95 -0.29246 0.46022 -0.05374
1.00 -0.33404 0.50000 0.00000
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k2 =0.4 k2 =0.6 k? =0.6
Vv U K U

0.00 0.19523 0.00000 -0.64918
0.05 0.18538 0.01401 -0.62740
0.10 0.17453 0.02947 -0.60351
0.15 0.16267 0.04639 -0.57751
0.20 0.14980 0.06483 -0.54938
0.25 0.13588 0.08480 -0.51911
0.30 0.12090 0.10634 -0.48670
0.35 0.10485 0.12951 -0.45213
0.40 0.08769 0.15433 -0.41539
0.45 0.06942 0.18086 -0.37646
0.50 0.05000 0.20914 -0.33534
0.55 0.02941 0.23922 -0.29201
0.60 0.00763 0.27115 -0.24645
0.65 -0.01537 0.30498 -0.19865
0.70 -0.03963 0.34078 -0.14859
0.75 -0.06515 0.37859 -0.09627
0.80 -0.09199 0.41849 -0.04166
0.85 -0.12015 0.46051 0.01526
0.90 -0.14968 0.50473 0.07450
0.95 -0.18061 0.55121 0.13607
1.00 -0.21297 0.60000 0.20000
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k?=0.3 k? =0.7 k?2=0.7 |

vV L 33 15 E

0.00 0.20999 0.00000 ~0.57286

0.05 0.20246 0.01573 ~0.54814

0.10 0.19418 0.03313 ~0.52102 5

0.15 0.18514 0.05223 -0.49147 .
0.20 0.17535 0.07309 ~0.45948
0.25 0.16478 0.09577 i ~0.42503
0.30 0.15343 0.12031 ' ~0.38812
0.35 0.14128 0.14678 ~0.34871
0.40 0.12834 0.17525 -0.30680
0.45 0.11458 0.20578 -0.26235
0.50 0.10000 0.23844 ~0.21536
0.55 0.08458 0.27332 ~0.16579
0.60 0.06830 0.31049 ~0.11362
0.65 0.05116 0.35002 ~0.05884
0.70 0.03314 0.39200 | ~0.00141
0.75 0.01423 0.43651 0.05868
0.80 ~0.00560 0.48364 0.12146
0.85 ~0.02636 0.53347 0.18696
0.90 ~0.04806 0.58609 0.25520
0.95 -0.07073 0.54157 0.32620
1.00 -0.09438 0.70000 0.40000




'----u-v-—-—-"--'--"-l--l!Illlll!ll-w'""---l-n--f

k?=0.2 k? =0.8 k? =0.8
v u U U

0.00 0.22395 0.00000 -0.48428
0.05 0.21885 0.01702 -0.45714
0.10 0.21324 0.03591 -0.42732
0.15 0.20713 0.05674 -0.39480
0.20 0.20052 0.07958 -0.35956
0.25 0.19339 0.10453 -0.32157
0.30 0.13576 0.13165 -0.28081
0.35 0.17761 0.16106 -0.23723
0.40 0.16893 0.19285 -0.19082
0.45 0.15973 0.22711 -0.14154
0.50 0.15000 0.26397 -0.08936
0.55 0.13973 0.30353 -0.03423
0.60 0.12892 0.34590 0.02386
0.65 0.11756 0.39121 0.08496
0.70 0.10564 0.43951 0.14911

0.09317
0.08012
0.06650
0.05229
0.03750

0.02211

0.49108
0.54588
0.60407
0.66575
0.73103

0.80000

0.21634
0.28668
0.36019
0.43688
0.51681

0.60000




Eigenvalues v,u

k? =0.1 i k? =0.9 K?_=0.9 |
v I ! Mieq Micy J.
0.00 0.23725 ! 0.00000 -0.37123
| 0.05 0.23466 | 0.01742 -0.34275 |
| c.10 0.23182 0.03689 ‘ -0.31143 ?
0.15 0.22873 0.05853 -0.27719 !
0.20 0.22539 | 0.08245 -0.23999 i
| 0.25 0.22179 0.10880 ~0.19979 ;
: 0.30 0.21794 0.13771 -0.15654 i
0.35 0.21384 | 0.16933 -0.11019 %
0.40 0.20948 | 0.20381 -0.06069 |
0.45 0.21487 0.24134 -0.00797 | ‘
| 0.50 0.20000 0.28206 0.04801 i i
| 0.55 0.19487 0.32615 0.10731 i 3
0.60 0.18948 0.37379 0.17000 | T
0.65 0.18383 ! 0.42512 0.23612 |
0.70 0.17792 | 0.48031 0.30573
0.75 0.17174 | 0.53952 0.37890
0.80 0.16529 0.60287 0.45568
0.85 0.15858 0.67049 0.53612
| 0.90 0.15160 0.74249 0.62029 |
i 3.95 0.14434 0.81897 0.70823
| 1.00 0.13682 0.90000 0.80000
|
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